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ABSTRACT
Recently John H. Schwarz put forward a conjecture that the world-volume action of a probe D3-
brane in an AdS5 × S5 background of type IIB superstring theory can be reinterpreted as the highly
effective action (HEA) of four-dimensional N = 4 superconformal field theory on the Coulomb
branch. We argue that the HEA can be derived from the noncommutative (NC) field theory represen-
tation of the AdS/CFT correspondence and the Seiberg-Witten (SW) map defining a spacetime field
redefinition between ordinary and NC gauge fields. It is based only on the well-known facts that the
master fields of large N matrices are higher-dimensional NC U(1) gauge fields and the SW map is
a local coordinate transformation eliminating U(1) gauge fields known as the Darboux theorem in
symplectic geometry.
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1 Introduction
Recently John H. Schwarz conjectured [1] that the world-volume action of a probe p-brane in a
maximally (or 3/4 maximal) supersymmetric spacetime containing AdSp+2 can be reinterpreted as
the highly effective action (HEA) of a superconformal field theory in (p + 1)-dimensions on the
Coulomb branch. The HEA is defined by taking a conformal gauge theory on the Coulomb branch and
integrating out the massive fields, thereby obtaining an effective action in terms of massless Abelian
multiplets only. Then the HEA is conjecturally identified with the world-volume action for a probe
p-brane in an AdSp+2 ×K background geometry with N units of flux threading a compact space K.
Examples considered in [1] are a D3-brane in AdS5× S5, an M2-brane in AdS4× S7/Zk, a D2-brane
in AdS4×CP3 and an M5-brane in AdS7×S4. This conjecture was driven by a guiding principle [1]:
“Take coincidences seriously,” with the observation that the probe brane theory has all of the expected
symmetries and dualities. The brane actions fully incorporate the symmetry of the background as an
exact global symmetry of the world-volume theory. For example, in the case of a D3-brane in AdS5×
S5, this symmetry is the superconformal group PSU(2, 2|4). In this example, it also includes the
SL(2,Z) duality group, which is known to be an exact symmetry of type IIB superstring theory. This
conjecture may be further strengthened by showing that the world-volume actions describing probe
branes in AdS space exhibit not only (super)conformal symmetry but also dual (super)conformal
symmetry and, taken together, have an infinite-dimensional Yangian-like symmetry.1 There have also
been earlier works [2, 3, 4, 5, 6] to note the conformal symmetry of the worldvolume theory of a
p-brane in an AdS background as well as works [7, 8, 9, 10] to emphasize the relationship between
probe-brane actions and low-energy effective actions on the Coulomb branch.
In this paper we will argue that the HEA can be derived from the noncommutative (NC) field the-
ory representation of the AdS/CFT correspondence as recently formulated in [11] (see, in particular,
section 6). Our argument is based only on the well-known facts that the master fields of large N
matrices are higher-dimensional NC U(1) gauge fields [12, 13, 14, 15] and the Seiberg-Witten (SW)
map [16] defining a spacetime field redefinition between ordinary and NC gauge fields is a local coor-
dinate transformation eliminating U(1) gauge fields via the Darboux theorem in symplectic geometry
[17, 18, 19, 20, 15]. The underlying math for the argument is rather fundamental. For simplicity,
let us consider two-dimensional NC space, denoted by R2θ, whose coordinates obey the commutation
relation
[y1, y2] = iθ (1.1)
where θ > 0 is a constant parameter measuring the noncommutativity of the space R2θ. If we define
annihilation and creation operators as
a =
y1 + iy2√
2θ
, a† =
y1 − iy2√
2θ
, (1.2)
1Indeed this problem was addressed by A. Lipstein and J. H. Schwarz in arXiv:1311.6067. But, unfortunately, this
paper was withdrawn due to an error in some equation.
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the NC algebra (1.1) of R2θ reduces to the Heisenberg algebra of harmonic oscillator, i.e.,
[a, a†] = 1. (1.3)
The representation space of the Heisenberg algebra (1.3) is given by the Fock space defined by
H = {|n〉| n ∈ Z≥0}, (1.4)
which is orthonormal, i.e., 〈n|m〉 = δn,m and complete, i.e.,
∑∞
n=0 |n〉〈n| = 1H, as is well-known
from quantum mechanics.
A crucial, though elementary, fact for our argument is that the NC space R2θ admits an infinite-
dimensional separable Hilbert space (1.4) [21]. Let us apply this elementary fact to dynamical fields
defined on Rd−1,1 × R2θ with local coordinates (xµ, y1, y2) where Rd−1,1 ∋ xµ is a d-dimensional
Minkowski spacetime. Consider two arbitrary fields Φ̂1(x, y) and Φ̂2(x, y) onRd−1,1×R2θ. In quantum
mechanics physical observables are considered as operators acting on a Hilbert space. Similarly the
dynamical variables Φ̂1(x, y) and Φ̂2(x, y) can be regarded as operators acting on the Hilbert spaceH
which are elements of the deformed algebra C∞(Rd−1,1)⊗Aθ. Thus one can represent the operators
acting on the Fock space (1.4) as N ×N matrices in End(H) ≡ AN where N = dim(H)→∞:
Φ̂1(x, y) =
∞∑
n,m=0
|n〉〈n|Φ̂1(x, y)|m〉〈m| :=
∞∑
n,m=0
(Φ1)nm(x)|n〉〈m|,
Φ̂2(x, y) =
∞∑
n,m=0
|n〉〈n|Φ̂2(x, y)|m〉〈m| :=
∞∑
n,m=0
(Φ2)nm(x)|n〉〈m|, (1.5)
where Φ1(x) and Φ2(x) areN×N matrices inC∞(Rd−1,1)⊗AN . Then one gets a natural composition
rule for the products
(Φ̂1 ⋆ Φ̂2)(x, y) =
∞∑
n,l,m=0
|n〉〈n|Φ̂1(x, y)|l〉〈l|Φ̂2(x, y)|m〉〈m|
=
∞∑
n,l,m=0
(Φ1)nl(x)(Φ2)lm(x)|n〉〈m|. (1.6)
The above composition rule implies that the ordering in the NC algebra Aθ is compatible with the
ordering in the matrix algebra AN and so it is straightforward to translate multiplications of NC
fields in Aθ into those of matrices in AN using the matrix representation (1.5) without any ordering
ambiguity.
It is easy to generalize the matrix representation to 2n-dimensional NC space R2nθ whose coordi-
nate generators obey the commutation relation
[ya, yb] = iθab, a, b = 1, · · · , 2n, (1.7)
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where the Poisson bivector θ = 1
2
θab ∂
∂ya
∧
∂
∂yb
is assumed to be invertible and so B ≡ θ−1 defines
a symplectic structure on R2n. Consider a D = (d + 2n)-dimensional NC space Rd−1,1 × R2nθ with
coordinates Y M = (xµ, ya), M = 0, 1, · · · , D−1, µ = 0, 1, · · · , d−1. The star product for smooth
functions f̂(Y ), ĝ(Y ) ∈ C∞(RD−1,1) is defined by
(f̂ ⋆ ĝ)(Y ) = e
i
2
θab ∂
∂ya
⊗ ∂
∂zb f̂(x, y)ĝ(x, z)|y=z. (1.8)
Therefore, in order to formulate a gauge theory on Rd−1,1 × R2nθ , it is necessary to dictate the gauge
covariance under the NC star product (1.8). The covariant field strength of NC U(1) gauge fields
ÂM(Y ) = (Âµ, Âa)(x, y) is then given by
F̂MN(Y ) = ∂M ÂN(Y )− ∂N ÂM(Y )− i[ÂM , ÂN ]⋆(Y ). (1.9)
Using the matrix representation (1.5), one can show [12, 13, 14, 15] that theD = (d+2n)-dimensional
NC U(1) gauge theory is exactly mapped to the d-dimensional U(N →∞) Yang-Mills theory:
S = − 1
4G2YM
∫
dDY (F̂MN −BMN)2 (1.10)
= − 1
g2YM
∫
ddxTr
(1
4
FµνF
µν +
1
2
DµΦaD
µΦa − 1
4
[Φa,Φb]
2
)
(1.11)
where G2YM = (2π)n|Pfθ|g2YM and BMN =
(
0 0
0 Bab
)
. We refer more details to the section 6.1 of
Ref. [11].
We emphasize that the equivalence between the D-dimensional NC U(1) gauge theory (1.10)
and d-dimensional U(N → ∞) Yang-Mill theory (1.11) is an exact mathematical identity, not a
dimensional reduction, and has been known long ago, for example, in [12, 13]. A remarkable point
is that the resulting matrix models or large N gauge theories described by the action (1.11) arise as
a nonperturbative formulation of string/M theories. For instance, we get the IKKT matrix model for
d = 0 [22], the BFSS matrix quantum mechanics for d = 1 [23] and the matrix string theory for
d = 2 [24]. The most interesting case arises for d = 4 and n = 3 which suggests an engrossing
duality that the 10-dimensional NC U(1) gauge theory on R3,1 × R6θ is equivalent to the bosonic
action of 4-dimensionalN = 4 supersymmetric U(N) Yang-Mills theory, which is the large N gauge
theory of the AdS/CFT duality [2, 25, 26]. According to the large N duality or gauge/gravity duality,
the large N matrix model (1.11) is dual to a higher dimensional gravity or string theory. Hence it
should not be surprising that the D-dimensional NC U(1) gauge theory should describe a theory of
gravity (or a string theory) inD dimensions. Nevertheless the possibility that gravity can emerge from
NC U(1) gauge fields has been largely ignored until recently. But the emergent gravity picture based
on NC U(1) gauge theory [11, 15, 27] debunks that this coincidence did not arise by some fortuity.
Here we want to take an advantage following the advice of John H. Schwarz [1]: “Take coincidences
seriously.”
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In this paper, we will seriously take the equivalence between the D-dimensional NC U(1) gauge
theory (1.10) and d-dimensional U(N →∞) Yang-Mill theory (1.11) to derive the HEA conjectured
in [1]. It is to be hoped that we also clarify why the emergent gravity from NC gauge fields is actually
the manifestation of the gauge/gravity duality or large N duality in string/M theories. We think that
the emergent gravity from NC gauge fields opens a lucid avenue to understand the gauge/gravity
duality such as the AdS/CFT correspondence. While the large N duality is still a conjectural duality
and its understanding is far from being complete to identify an underlying first principle for the
duality, it is possible [11, 15, 27] to reasonably identify the first principle for the emergent gravity
from NC U(1) gauge fields and to derive in a systematic way gravitational variables from gauge
theory quantities. Moreover it can be shown [11] that the 4-dimensional N = 4 supersymmetric
U(N) Yang-Mills theory is equivalent to the 10-dimensionalN = 1 supersymmetric NC U(1) gauge
theory on R3,1×R6θ if we consider the Moyal-Heisenberg vacuum (1.7) which is a consistent solution
of the former – the N = 4 super Yang-Mills theory. Here is a foothold for our departure.
The paper is organized as follows. In section 2 we review the result in Ref. [11] showing that the
four-dimensionalN = 4 superconformal field theory on the Coulomb branch defined by the NC space
(1.7) is equivalent to the ten-dimensional N = 1 supersymmetric NC U(1) gauge theory. In section
3 we consider the ten-dimensional N = 1 NC U(1) super Yang-Mills theory (2.8) as a nontrivial
leading approximation of the supersymmetric completion of the NC DBI action. The supersymmetric
completion is postponed to section 5. In section 4, we identify a commutative DBI action which is
mapped to the NC one by the exact SW map defining a spacetime field redefinition between ordinary
and NC gauge fields [16]. It is observed that the spacetime geometry dual to four-dimensional large
N matrices or ten-dimensional NC U(1) gauge fields is simply derived from the Darboux transforma-
tion eliminating U(1) gauge fields whose statement is known as the Darboux theorem in symplectic
geometry. We also identify a possible candidate giving rise to AdS5 × S5 geometry. It is shown and
will also be checked in appendix A that the duality between NC U(1) gauge fields and gravitational
fields is the SW map between commutative and NC U(1) gauge fields. See Eq. (4.20). We thus argue
that the emergent gravity from NC gauge fields is the manifestation of the gauge/gravity duality or
large N duality in string/M theories [11]. In section 5, we derive the worldvolume action of a probe
D3-brane inAdS5×S5 geometry from the DBI action of ten-dimensional NC U(1) gauge fields which
was obtained from the four-dimensional N = 4 superconformal field theory on the Coulomb branch.
We consider a supersymmetric D9-brane with the local κ-symmetry [28, 29, 30, 31, 32, 33] to yield
the supersymmetric version of DBI actions. We finally identify the supersymmetric worldvolume ac-
tion of a probe D3-brane in AdS5 × S5 geometry with the HEA conjectured by John H. Schwarz [1].
Our approach sheds light on why N = 1 (i.e., Abelian gauge group) is the proper choice for the HEA
which was elusive in the original conjecture (see the discussion in section 5 of Ref. [1]). In section 6,
we discuss why the emergent gravity from NC gauge fields provides a lucid avenue to understand the
gauge/gravity duality such as the AdS/CFT correspondence [2, 25, 26]. We conclude the paper with
a few speculative remarks. In appendix A, we demonstrate how to determine 2n-dimensional Ka¨hler
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metrics from U(1) gauge fields by solving the identities (4.14) and (4.15) between DBI actions which
are underlying equations for our argument. In particular, we show that Calabi-Yau n-folds for n = 2
and 3 arise from symplectic U(1) instantons in four and six dimensions, respectively.
2 NC U(1) gauge fields from large N matrices
The AdS/CFT correspondence [2, 25, 26] implies that a wide variety of quantum field theories provide
a nonperturbative realization of quantum gravity. In the AdS/CFT duality, the dynamical variables are
large N matrices and so gravitational physics at a fundamental level is described by NC operators. We
argued in [11] that the AdS/CFT correspondence is a particular case of emergent gravity from NC U(1)
gauge fields. An underlying argumentation is to realize the equivalence between the actions (1.10)
and (1.11) in a reverse way by observing that the Moyal-Heisenberg vacuum (1.7) is a consistent
vacuum solution of theN = 4 super Yang-Mills theory.
It is easy to understand an underlying logic and so we recapitulate only the essential points defer-
ring to [11] on a detailed description. The action of four-dimensionalN = 4 super Yang-Mills theory
is given by [34]
S =
∫
d4xTr
{
−1
4
FµνF
µν − 1
2
DµΦaD
µΦa +
g2
4
[Φa,Φb]
2 + iλiσ
µDµλ
i
+
ig
2
Σ
a
ijλ
i[Φa, λ
j ]− ig
2
Σa,ijλi[Φa, λj]
}
. (2.1)
Consider a vacuum configuration defined by
〈Φa〉vac = pa, 〈Aµ〉vac = 0, 〈λi〉vac = 0. (2.2)
Assume that the vacuum expectation value (vev) pa ∈ AN (N →∞) satisfies the Moyal-Heisenberg
algebra
[pa, pb] = −iBabIN×N . (2.3)
Of course the commutation relation (2.3) is meaningful only when we take the limit N → ∞. It
is obvious that the vacuum configuration (2.2) in this limit is definitely a solution of the theory.
We emphasize that the vev (2.2) of adjoint scalar fields does not break four-dimensional Lorentz
symmetry. Actually the vacuum algebra (2.3) refers to NC space R6θ if we define pa ≡ Babyb and
B ≡ θ−1. Now fluctuations of large N matrices around the vacuum (2.2) are parameterized by
D̂µ(x, y) = ∂µ − iÂµ(x, y), D̂a(x, y) ≡ −iΦ̂a(x, y) = −i
(
pa + Âa(x, y)
)
, (2.4)
Ψ̂(x, y) =
(
P+λ̂
i
P−
˜̂
λi
)
(x, y), (2.5)
where we assumed that fluctuations also depend on vacuum moduli ya. Note that, if we apply the
matrix representation (1.5) to the fluctuations in Eqs. (2.4) and (2.5) again, we recover the original
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large N gauge fields in the action (2.1). Therefore let us introduce 10-dimensional coordinates Y M =
(xµ, ya), M = 0, 1, · · · , 9 and 10-dimensional connections defined by
D̂M(Y ) = ∂M − iÂM (x, y) = (D̂µ, D̂a)(x, y) (2.6)
whose field strength is given by
F̂MN(Y ) = i[D̂M , D̂N ]⋆ = ∂M ÂN − ∂N ÂM − i[ÂM , ÂN ]⋆. (2.7)
Thus the correspondence between the NC ⋆-algebra Aθ and the matrix algebra AN = End(H) under
the Moyal-Heisenberg vacuum (2.3) implies that the master fields of large N matrices are higher-
dimensional NC U(1) gauge fields. In the end large N matrices in N = 4 vector multiplet on R3,1
are mapped to NC gauge fields and their superpartners inN = 1 vector multiplet on R3,1×R6θ where
R6θ is an extra NC space whose coordinate generators ya ∈ Aθ obey the commutation relation (1.7).
Using the ordering (1.6) for U(N) and NC U(1) gauge fields, it is straightforward to organize the
4-dimensionalN = 4 U(N) super Yang-Mills theory (2.1) into the 10-dimensionalN = 1 NC U(1)
super Yang-Mills theory with the action [11]
S =
∫
d10Y
{
− 1
4G2YM
(F̂MN −BMN)2 + i
2
Ψ̂ΓMD̂MΨ̂
}
(2.8)
whereB-fields take the same form as Eq. (1.10). Now the fermion Ψ̂(Y ) is a 10-dimensional gaugino,
the superpartner of the 10-dimensional NC U(1) gauge field ÂM (x), that is the Majorana-Weyl spinor
of SO(9, 1). The action (2.8) is invariant underN = 1 supersymmetry transformations given by
δÂM = iαΓMΨ̂, δΨ̂ =
1
2
(F̂MN − BMN)ΓMNα. (2.9)
It should be remarked that the relationship between the 4-dimensional U(N) super Yang-Mills theory
(2.1) and 10-dimensional NC U(1) super Yang-Mills theory (2.8) is not a dimensional reduction but
they are exactly equivalent to each other. Therefore any quantity in lower-dimensional U(N) gauge
theory can be transformed into an object in higher-dimensional NC U(1) gauge theory using the
compatible ordering (1.6) [11].
The coherent condensate (2.2) is described by vev’s of adjoint scalar fields. Thus we will call
the vacuum (2.2) a “Coulomb branch” although [Φa,Φb]|vac 6= 0.2 However note that [Φa,Φb]|vac =
2The usual Coulomb branch is defined by [Φa,Φb]|vac = 0 and so 〈Φa〉vac = diag(αa1 , · · · , αaN ). In this case the
gauge group U(N) or SU(N + 1) is broken to U(1)N . But we remark that the HEA is conjectured to correspond to the
choice, N = 1 [1] while the probe brane approximation requires N → ∞. Therefore the conventional choice of vacuum
finds difficulty in explaining why N = 1 (i.e., Abelian gauge group) is the proper choice for the HEA. We emphasize
that the Coulomb branch as the NC space (2.2) is a key origin of emergent gravity and is completely consistent with the
HEA because it requires the N →∞ limit and preserves only the U(1) gauge group. Hence our approach sheds light on
why HEA preserves only the U(1) gauge symmetry in spite of N → ∞ which was elusive in the original conjecture as
discussed in section 5 of Ref. [1].
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−iBabIN×N take values in a center of the gauge group U(N), which may be identified with the un-
broken U(1) gauge group. Hence the Coulombic vacuum (2.2) is compatible with the usual definition
of the Coulomb branch. We also remark that the conformal symmetry of 4-dimensionalN = 4 super
Yang-Mills theory is spontaneously broken by the vev (2.2) of scalar fields because it introduces a NC
scale |θ| ≡ l2NC . But it needs not be specified because the theories with different θ’s are SW-equivalent
[16]. These are also a typical feature of the Coulomb branch.
Under a Coulomb branch described by the coherent condensate (2.2), large N matrices in N = 4
supersymmetric gauge theory can be regarded as a linear representation of operators acting on a
separable Hilbert space H that is the Fock space of the Moyal-Heisenberg vacuum (2.3). Therefore
an important point is that a large N matrix Φ(x) on four-dimensional spacetime R3,1 in the limit
N → ∞ on the Coulomb branch (2.2) can be represented by its master field Φ̂(x, y) which is a
higher-dimensional NC U(1) gauge field or its superpartner. Since the large N gauge theory (2.1) on
the Coulomb branch (2.2) is mathematically equivalent to the NC U(1) gauge theory described by the
action (2.8), it should be possible to isomorphically map the 10-dimensional NC U(1) super Yang-
Mills theory to a 10-dimensional type IIB supergravity according to the AdS/CFT correspondence
[2, 25, 26]. Indeed the emergent gravity from NC U(1) gauge fields provides the first principle to
found the large N duality or gauge/gravity duality in a systematic way [11, 15, 27].
3 Commutative and NC D-branes
The worldvolume action for a Dp-brane can be viewed as (p+1)-dimensional nonlinear sigma model
with a target space M where the embedding functions XM(σ) define a map X : W → M from the
(p + 1)-dimensional worldvolume W with coordinates σα (α = 0, 1, · · · , p) to the target space M
with coordinates XM (M = 0, 1, · · · , 9). This embedding induces a worldvolume metric
hαβ = gMN(X)∂αX
M∂βX
N . (3.1)
The D-brane action in general contains a dilaton coupling e−φ where φ is the 10-dimensional dilaton
field. Then the string coupling constant is defined by gs = e〈φ〉 where the vev 〈φ〉 at hand is assumed
to be constant. The worldvolume also carries U(1) gauge fields Aα(σ) with field strength
Fαβ = ∂αAβ − ∂βAα. (3.2)
Recall that the Dirac-Born-Infeld (DBI) action is a nonlinear generalization of electrodynamics with
self-interactions of U(1) gauge fields and reproduces the usual Maxwell theory at quadratic order. In
string theory a generalization of this action appears in the context of Dp-branes. Open strings ending
on the Dp-brane couple directly to closed string background fields (gMN , BMN , φ) in the bulk. A low
energy effective field theory deduced from the open string dynamics on a single D-brane is obtained
by integrating out all the massive modes, keeping only massless fields which are slowly varying at
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the string scale κ ≡ 2πα′. The DBI action describes the dynamics of U(1) gauge fields on a D-brane
worldvolume in the approximation of slowly varying fields,
√
κ|∂F
F
| ≪ 1, in the sense keeping field
strengths (without restriction on their size) but not their derivatives. The resulting DBI action on a
Dp-brane is given by
S1 = −TDp
∫
W
dp+1σ
√
−det(h+ κF)+O(√κ∂F, · · · ), (3.3)
where
F ≡ B + F (3.4)
is the total U(1) field strength and the Dp-brane tension is given by
TDp =
2π
gs(2πκ)
p+1
2
. (3.5)
In general the DBI action (3.3) contains derivative corrections O(√κ∂F, · · · ). However we will
ignore possible terms involving higher derivatives of fields since we are mostly interested in the
approximation that worldvolume fields are slowly varying. We will also consider the probe brane
approximation ignoring the backreaction of the brane on the geometry and the other background
fields. The worldvolume theory of a D-brane is given as the sum of two terms S = S1 + S2. The first
term S1 is given by the DBI action (3.3) and the second term S2 is the form of the Wess-Zumino-type
given by
S2 =
∫
W
CRR ∧ eκF (3.6)
where the coupling to background RR n-form gauge fields is collected in the formal sum
CRR =
10⊕
n=0
Cn. (3.7)
The coupling S2 is a characteristic feature of D-branes that they carry an RR charge [35] and support
the worldvolume gauge fields (3.2).
Some important remarks are in order. The DBI action (3.3) respects several local gauge symme-
tries. It has (p + 1)-dimensional general coordinate invariance since the integrand transforms as a
scalar density in Diff(W ). It also admits the so-called Λ-symmetry:
(B,A) 7→ (B − dΛ, A+ Λ) (3.8)
where the two-form B ≡ X∗(Bbulk) is the pull-back of target space B-field Bbulk to the worldvolume
W and the gauge parameter Λ is a one-form in Γ(T ∗W ). Let (W,B) be a symplectic manifold. The
symplectic structure B is a nondegenerate, closed two-form, i.e. dB = 0, and so it can be locally
written as B = dξ by the Poincare´ lemma. The B-field transformation (3.8) can then be understood
as a shift of the canonical one-form, ξ → ξ − Λ. An important point for us is that the symplectic
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structure defines a bundle isomorphism B : TW → T ∗W by X 7→ Λ = −ιXB. Thus the B-field
transformation (3.8) is equivalent to (B,A) 7→ (B + LXB,A − ιXB) where LX = dιX + ιXd is
the Lie derivative with respect to the vector field X . Since vector fields are infinitesimal generators
of local coordinate transformations, in other words, Lie algebra generators of Diff(W ), the B-field
transformation (3.8) can be identified with a coordinate transformation generated by a vector field
X ∈ Γ(TW ). Consequently the Λ-symmetry (3.8) can be considered on par with diffeomorphisms
[11, 15]. Moreover it is well-known [28, 29, 30, 31, 32, 33] that the D-brane worldvolume theory
has a local fermionic symmetry called “κ-symmetry” if fermion coordinates ψα (α = 1, · · · , 32) are
included in the target spacetime with supercoordinates ZM = (XM , ψα). See a recent review [36] for
brane effective actions with the κ-symmetry. In sum, the worldvolume theory of a supersymmetric
D-brane admits the following local gauge symmetries: (I) Diff(W ), (II) Λ-symmetry, and (III) κ-
symmetry.
We can use the general coordinate invariance of the action S = S1 + S2 to eliminate unphysical
degrees of freedom. We choose a static gauge so that XM =
(
xµ(σ), φa(σ)
)
=
(
δµασ
α, φa(x)
)
where µ = 0, · · · , p and a = p + 1, · · · , 9. The (9 − p) coordinates φa(x) will be identified as the
worldvolume scalar fields of the Dp-brane. In this gauge the metric (3.1) becomes
hµν = ηµν + ∂µφ
a∂νφ
a (3.9)
where we assumed gMN(X) = ηMN for the target spacetime. Now we focus on a D9-brane for
which there are no worldvolume scalar fields, i.e., φa = 0 and so hMN = gMN . Suppose that the
D9-brane supports the two-form B-field with rank(B) = 6. In this case it is convenient to split
the worldvolume coordinates XM = σM in the static gauge into two parts, XM = (xµ, za), µ =
0, 1, 2, 3, a = 1, · · · , 6, so that B = 1
2
Babdz
a ∧ dzb. Then the total field strength (3.4) takes the form
FMN =
(
Fµν Fµa
Faµ Bab + Fab
)
. (3.10)
It is well-known [16] that the open string gives rise to the NC geometry when the two-form B-field
is present on a D-brane worldvolume. The D-brane dynamics in the static gauge is then described
by U(1) gauge fields on a NC spacetime with coordinates Y M = (xµ, ya) obeying the commutation
relation (1.7). The resulting DBI action on the NC D9-brane is given by
Ŝ1 = −T9
∫
d10Y
√
−det(G+ κ(F̂ + Φ))+O(√κD̂F̂ , · · · ), (3.11)
where the NC U(1) field strength F̂MN (Y ) is given by Eq. (1.9) and the NC D9-brane tension is
T9 =
2π
Gs(2πκ)5
. (3.12)
The open string moduli (G,Φ, Gs) in the NC description (3.11) are related to the closed string moduli
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(g, B, gs) in the commutative description (3.3) by [16]
1
g + κB
=
1
G+ κΦ
+
θ
κ
, (3.13)
Gs = gs
√
det(G + κΦ)
det(g + κB)
= gs
(
detG
detg
) 1
4
, (3.14)
where the two-form Φ parameterizes some freedom in the description of commutative and NC gauge
theories. It is worthwhile to remark that the NC DBI action (3.11) can be obtained by applying the
(exact) SW map to the commutative one (3.3) [19, 37, 38], as will be shown later. Similarly the Wess-
Zumino-type term Ŝ2 for the NC D9-brane can be obtained from the RR couplings in Eq. (3.6) for a
commutative D9-brane by considering the (exact) SW map [19, 39].
Let us expand the NC DBI action (3.11) in powers of κ. First note that√
−det(G+ κ(F̂ + Φ)) = √−detG√det(1 + κM) (3.15)
=
√−detG
(
1− κ
2
4
TrM2 − κ
4
8
TrM4 +
κ4
32
(
TrM2
)2
+ · · ·
)
,
where
MN
Q ≡ (F̂ + Φ)NPGPQ (3.16)
and so TrM = 0. At nontrivial leading orders, we find
Ŝ1 = −T9
∫
d10Y
√−detG− 1
4G2YM
∫
d10Y
√−detGGMPGNQ(F̂ + Φ)MN (F̂ + Φ)PQ +O(κ4),
(3.17)
where the 10-dimensional Yang-Mills coupling constant is given by
G2YM = (κ
2T9)
−1 = (2π)4κ3Gs. (3.18)
In our case at hand, the open string metric can be set to be flat, i.e., GMN = ηMN . The first term
of Ŝ1 is a vacuum energy due to the D-brane tension which will be canceled against a contribution
from Ŝ2 [1, 2]. The second term is precisely equal to the bosonic part of the action (2.8) when the
background independent prescription is employed, i.e., Φ = −B [16]. Therefore we will consider the
10-dimensionalN = 1 NC U(1) super Yang-Mills theory (2.8) as a nontrivial leading approximation
of the supersymmetric completion of the NC DBI action (3.11). The supersymmetric completion with
the κ-symmetry will be discussed in section 5.
4 AdS/CFT correspondence from NC U(1) gauge fields
In their famous paper [16], Seiberg and Witten showed that there exists an equivalent commutative
description of the low energy effective theory for the open string ending on a NC D-brane. From
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the point of view of open string sigma model, an explicit form of the effective action depends on the
regularization scheme of two-dimensional field theory. The difference due to different regularizations
is always in a choice of contact terms, leading to the redefinition of coupling constants which are
spacetime fields. So low energy field theories defined with different regularizations should be related
to each other by the field redefinitions in spacetime. Now we will explain how the NC DBI action
(3.11) arises from a low energy effective action in a curved background that will be identified with
the HEA speculated by John H. Schwarz [1]. First we identify a commutative description that is SW-
equivalent to the NC DBI action (3.11). From a conventional approach, the answer is obvious. It is
given by the D9-brane action (3.3) (with p = 9) with the field strength (3.10). But, for our purpose, it
is more proper to consider the NC DBI action (3.11) as a particular commutative limit of the full NC
D9-brane described by the star product
(f̂ ⋆ ĝ)(Y ) = e
i
2
ΘMN ∂
∂YM
⊗ ∂
∂ZN f̂(Y )ĝ(Z)|Y=Z (4.1)
for f̂(Y ), ĝ(Y ) ∈ C∞(R10). We implicitly assumed the Wick rotation, R9,1 → R10, although it
is simply formal because we eventually come back to the space R3,1 × R6θ. For this purpose, it is
convenient to take the split ΘMN = (ζµν, θab) where an SO(10) rotation was used to put ζµa = 0. We
intend to understand the star product (1.8) as a particular case of Eq. (4.1) with ζµν = 0. Later we
will explain why the star product (4.1) is more relevant for our context, especially, from the viewpoint
of emergent spacetime. Hence we need to identify a commutative DBI action that is SW-equivalent
to the NC DBI action (3.11), instead, using the star product (4.1). It is given by the D9-brane action
(3.3) with the U(1) field strength
F = 1
2
FMN(X)dXM ∧ dXN = 1
2
(
BMN + FMN(X)
)
dXM ∧ dXN = B + F (4.2)
whereB = Θ−1 and rank(B) = 10. We will assume thatF is also nondegenerate, i.e., det(1+FΘ) 6=
0.
In order to derive the HEA, it is enough only to employ the logic expounded in the appendix A
in Ref. [11]. Note that F in Eq. (4.2) is the gauge invariant quantity under the Λ-symmetry (3.8).
In other words, the dynamical U(1) gauge fields should appear only as the combination (4.2). In
particular, we can use the Λ-symmetry (3.8) so that the B-field in Eq. (4.2) is constant. Then dB = 0
trivially and B is nondegenerate because of rank(B) = 10. Therefore (R10, B) is a symplectic
manifold. Moreover, (R10,F) is also a symplectic manifold since dF = 0 and F is nondegenerate
by our assumption. Then we can realize an important identity
F = (1 + LX)B (4.3)
as we explained below Eq. (3.8). It implies that there exists a local coordinate transformation φ ∈
Diff(M) such that φ∗(F) = B, i.e., φ∗ = (1+LX)−1 ≈ e−LX . This statement is the famous theorem
in symplectic geometry known as the Darboux theorem [40, 41]. Its global statement is known as the
11
Moser lemma [42]. The Darboux theorem states that it is always possible to find a local coordinate
transformation φ ∈ Diff(M) which eliminates dynamical U(1) gauge fields in F . That is, in terms of
local coordinates, there exists φ : Y 7→ X = X(Y ) so that
(
BMN + FMN(X)
)∂XM
∂Y P
∂XN
∂Y Q
= BPQ. (4.4)
If we represent the local coordinate transformation by
XM(Y ) = Y M +ΘMN ÂN (Y ), (4.5)
Eq. (4.4) can be written as
PMN(X) ≡ (F−1)MN(X) = {XM(Y ), XN(Y )}Θ (4.6)
where we introduced the Poisson bracket defined by
{f(Y ), g(Y )}Θ = ΘMN ∂f(Y )
∂Y M
∂g(Y )
∂Y N
(4.7)
for f, g ∈ C∞(R10). We will call ÂM(Y ) in Eq. (4.5) symplectic gauge fields and XM(Y ) covariant
(dynamical) coordinates. The field strength of symplectic gauge fields is defined by
F̂MN = ∂M ÂN − ∂N ÂM + {ÂM , ÂN}Θ. (4.8)
Then Eq. (4.6) gives us the relation
PMN = [Θ(B − F̂ )Θ]MN . (4.9)
By solving this equation, we yield the semi-classical version of the SW map [17, 18, 19]:
F̂MN(Y ) =
(
1
1 + FΘ
F
)
MN
(X), (4.10)
d10Y = d10X
√
det(1 + FΘ), (4.11)
where the second equation is derived from Eq. (4.4) by taking the determinant on both sides.
The coordinate transformation (4.4) leads to the identity
gMN + κFMN =
(GPQ + κBPQ) ∂Y P
∂XM
∂Y Q
∂XN
(4.12)
where the dynamical (emergent) metric is defined by
GMN = gPQ ∂X
P
∂Y M
∂XQ
∂Y N
. (4.13)
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The identity (4.12) in turn leads to a remarkable identity between DBI actions:
1
gs
∫
d10X
√
det
(
g + κF) = 1
gs
∫
d10Y
√
det
(G + κB) (4.14)
=
1
Gs
∫
d10Y
√
det
(
G+ κ(F̂ + Φ)
)
. (4.15)
It is straightforward to derive the second identity (4.15) by using Eqs. (3.13) and (3.14) and the SW
maps (4.10) and (4.11). For the derivation of Eq. (4.15), see Eq. (5.10) in Ref. [19] and section 3.4
of Ref. [37]. It may be instructive to check Eq. (4.15) by expanding the right-hand side (RHS) of Eq.
(4.14) around the background B-field, i.e.,√
det
(G + κB) = √det(κB)√det(1 + M
κ
)
=
√
det
(
κB
)(
1− 1
4κ2
TrM2 − 1
8κ4
TrM4 +
1
32κ4
(
TrM2
)2
+ · · ·
)
,(4.16)
where
MN
Q = GNPΘPQ (4.17)
and
TrM2 = Tr(gP)2, TrM4 = Tr(gP)4. (4.18)
But it is not difficult to show that TrM2n = Tr(gP)2n, TrM2n+1 = Tr(gP)2n+1 = 0 for n ∈ N and
thus
det
(
1 +
M
κ
)
= det
(
1 +
1
κ
gP
)
(4.19)
using the expansion of the determinant (see Eq. (4.30) in Ref. [31]). Then, using the result (4.9), the
expansion in Eq. (4.16) can be arranged into the form
√
det
(G + κB) =
√
det
(
κB
)
detG
√
det
(
G+ κ(F̂ − B))
=
gs
Gs
√
det
(
G+ κ(F̂ − B)), (4.20)
where
GMN = −κ2(Bg−1B)MN , Gs = gs
√
det
(
κBg−1
) (4.21)
are the open string metric and coupling constant, respectively, in the background independent pre-
scription, i.e., Φ = −B [16]. In order to demonstrate how 2n-dimensional Ka¨hler metrics arise from
U(1) gauge fields, in appendix A, we will solve the identities (4.14) and (4.15). In particular, it is
shown that Calabi-Yau n-folds for n = 2 and 3 are emergent from symplectic U(1) instantons in four
and six dimensions, respectively.
NC U(1) gauge fields are obtained by quantizing symplectic gauge fields. The quantization in our
case is simply defined by the canonical quantization of the Poisson algebra P = (C∞(R10), {−,−}Θ).
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The quantization map Q : C∞(R10) → Aθ by f 7→ Q(f) ≡ f̂ is a C-linear algebra homomorphism
defined by
f · g 7→ f̂ ⋆ g = f̂ · ĝ (4.22)
and
f ⋆ g ≡ Q−1
(
Q(f) · Q(g)
)
(4.23)
for f, g ∈ C∞(R10) and f̂ , ĝ ∈ Aθ. The above star product is given by Eq. (4.1) [21]. The DBI action
(3.11) for the NC D9-brane relevant to the NC U(1) gauge theory (2.8) is then obtained by simply
considering a particular NC parameter ΘMN = (ζµν, θab) with ζµν = 0. We understand the limit
ζµν → 0 as |ζ |2 ≡ GµρGνσζµνζρσ = κ2|κBµλgλρ|2 ≪ κ2 where the open string metric in Eq. (4.21)
was used. This means that gµν + κBµν = (δρµ + κBµλgλρ)gρν ≈ gµν , in other words, the metric part
in the DBI background gµν + κBµν is dominant so that the B-field part can be ignored.
Why do we need to take the limit ζµν → 0 instead of simply putting ζµν = 0? Actually the answer
is involved with the most beautiful aspect of emergent gravity. In the emergent gravity picture, any
spacetime structure is not assumed a priori but defined by the theory itself. In a sonorous phrase,
the theory of emergent gravity must be background independent. Hence it is necessary to define
a configuration in the algebra Aθ, for instance, like Eq. (1.7), to generate any kind of spacetime
structure, even for flat spacetime. Emergent gravity then says that the flat spacetime is emergent from
the Moyal-Heisenberg algebra (1.7). In other words, even the flat spacetime must have a dynamical
origin [11, 15, 27], which is absent in general relativity. This picture may also be convinced by
gazing up at the identity (4.14). Note that the dynamical variables on the RHS of Eq. (4.14) are
(emergent) metric fields, GMN (Y ), whereas they on the left-hand side (LHS) are U(1) gauge fields,
FMN(X), in a specific background (g, B). Therefore the gravitational fields GMN(Y ) are completely
determined by dynamical U(1) gauge fields and so the former is emergent from the latter. When U(1)
gauge fields are turned off, the emergent metric reduces to the flat metric, i.e., GMN = gMN . But the
background B-field still persists and it can be regarded as a vacuum gauge field A(0)M = −12BMNXN .
Then it is natural to think that the flat metric gMN is emergent from the vacuum gauge fields A(0)M .
This remarkable picture can be rigorously confirmed from a background independent formulation,
e.g., matrix models [11, 15, 27]. In consequence, any spacetime structure did not exist a priori but the
existence of spacetime requires a coherent condensate of vacuum gauge fields. Nature allows “no free
lunch.” As a result, the usual commutative spacetime has to be understood as a commutative limit of
NC spacetime as we advocated above. Indeed we do not know how to reproduce the NC DBI action
(3.11) via the identity (4.14) starting with the U(1) field strength (3.10).3
Note that the coordinate transformation (4.4) to a Darboux frame is defined only locally and sym-
plectic or NC gauge fields have been introduced to compensate local deformations of an underlying
symplectic structure by U(1) gauge fields, i.e., the Darboux coordinates in φ : Y 7→ X = X(Y ) ∈
3Note that the Darboux theorem (4.4) can be applied only to a symplectic form, i.e., a nondegenerate and closed
2-form. But the dynamical 2-form F does not belong to this category because it usually vanishes at an asymptotic infinity.
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Diff(R10) obey the relation φ∗(B + F ) = B. The identity (4.20) also manifests this local nature of
NC gauge fields because they manifest themselves only in a locally inertial frame (in free fall) with
the local metric (4.13) [11]. If the gravitational metric in Eq. (4.20) were represented by a global
form, e.g.,
GMN = gABEAMEBN , A, B = 0, 1, · · · , 9 (4.24)
where EA = EAMdxM are elements of a global coframe on an emergent 10-dimensional manifoldM,
it would be difficult to find an imprint of symplectic or NC gauge fields in the expression (4.24).
Recall that the basic program of differential geometry is that all the world can be reconstructed
from the infinitely small. For example, manifolds are obtained by gluing open subsets of Euclidean
space. So the differential forms and vector fields on a manifold are defined locally and then glued
together to yield a global object. The gluing is possible because these objects are independent of
the choice of local coordinates. In reality this kind of globalization of a (spacetime) geometry by
gluing local data might be enforced because global comparison devices are not available owing to the
restriction of the finite propagation speed. Indeed the global metric (4.24) can be constructed in a
similar way. First note that the D9-brane described by the LHS of Eq. (4.14) supports a line bundle
L → R10 over a symplectic manifold (R10, B). Introduce an open covering {Ui : i ∈ I} of R10, i.e.,
R10 =
⋃
i∈I Ui and let A(i) be a connection of the line bundle L → Ui on an open neighborhood Ui.
Consider all compatible coordinate systems {(Ui, ϕi) : i ∈ I} as a family of local Darboux charts
where ϕi : Ui → R10 are Darboux coordinates on Ui. Then we have the collection of local data⊕
i∈I(A
(i), Y(i)) on the D9-brane where Y(i) = ϕi(Ui) are Darboux coordinates on Ui obeying Eq.
(4.4), i.e., ϕ∗i (B + F (i)) = B where F (i) = dA(i). On an intersection Ui ∩ Uj , local data (A(i), Y(i))
and (A(j), Y(j)) on Darboux charts Ui and Uj , respectively, are glued together by [43, 44]
A(j) = A(i) + dλ(ji), (4.25)
Y(j) = ϕ(ji)(Y(i)), (4.26)
where ϕ(ji) is a symplectomorphism on Ui∩Uj generated by a Hamiltonian vector fieldXλ(ji) obeying
ιX
λ(ji)
B + dλ(ji) = 0. Note that the symplectomorphism is a canonical transformation preserving
the Poisson structure Θ = B−1 and can be identified with a NC U(1) gauge transformation upon
quantization [20, 21]. Since the local metric (4.13) is the incarnation of symplectic gauge fields in a
Darboux frame, the gluing of local Darboux charts can be translated into that of emergent metrics in
locally inertial frames from the viewpoint of the RHS of Eq. (4.14). This kind of gluing should be
well-defined because every manifold can be constructed by gluing open subsets of Euclidean space
together and both sides of Eq. (4.14) are coordinate independent and so local Darboux charts can be
consistently glued altogether. See Ref. [45] to illuminate how a nontrivial topology of an emergent
manifold can be implemented by gluing local data
⋃
i∈I(A
(i), Y(i)).
It is in order to ponder on the results obtained. We showed in section 2 that the 4-dimensional
N = 4 super Yang-Mills theory on the Coulomb branch (2.2) is equivalent to the 10-dimensional
N = 1 supersymmetric NC U(1) gauge theory. And we considered the resulting 10-dimensional
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NC U(1) gauge theory as a low-energy effective theory of supersymmetric NC D9-brane. Finally we
got the important identity (4.20) that the dynamics of NC U(1) gauge fields after ignoring fermion
fields is completely encoded into a 10-dimensional emergent geometry described by the metric (4.24).
According to the AdS/CFT correspondence, it is natural to expect that the metric (4.24) must describe
a 10-dimensional emergent geometry dual to the 4-dimensional N = 4 super Yang-Mills theory. An
immediate question to arise is how to realize the AdS5 × S5 vacuum geometry in our context.
Since there is no reason to further reside in Euclidean space, let us go back to the Lorentzian
spacetime with the NC parameter ΘMN = (ζµν = 0, θab 6= 0) by Wick rotation. In order to pose the
above question, let us consider a more general vacuum geometry which is conformally flat. That is,
we are interested in a background geometry with the metric given by
ds2 = λ2(ηµνdx
µdxν + dyadya). (4.27)
There are two interesting cases which are conformally flat [11]:
λ2 = 1 ⇒ M = R9,1, (4.28)
λ2 =
R2
ρ2
⇒ M = AdS5 × S5, (4.29)
where ρ2 =
∑6
a=1 y
aya and R =
(
4πgs(α
′)2N
)1/4 is the radius of AdS5 and S5 spaces. We al-
ready speculated before that the flat Minkowski spacetime (4.28) arises from a uniform condensate of
vacuum gauge fields A(0)M = −12BMNXN . This can be confirmed by looking at the vacuum configu-
ration (2.2). Note that, from the 4-dimensional gauge theory point of view, the vacuum configuration
(2.2) simply represents a particular configuration of large N matrices and it is connoted as an extra
6-dimensional “emergent” space only in 10-dimensional description. Its tangible existence must be
addressed from the RHS of Eq. (4.14). (See section 1 in Ref. [11] for the rationale underlying this
reasoning.) Then it is easy to prove that the emergent metric (4.13) for the vacuum configuration (2.2)
is precisely the flat Minkowski spacetime (4.28). Note that a Darboux chart (U, ϕ) in this case can be
extended to entire spacetime and so it is not necessary to consider the globalization prescribed before.
Now a perplexing problem is to understand what is the gauge field configuration to realize the vac-
uum geometry (4.29). In order to figure out the problem, it is necessary to find a stable configuration
of NC or large N gauge fields and so certainly a supersymmetric or BPS state. And this configura-
tion must be consistent with the isometry of the vacuum geometry (4.27), in particular, preserving
SO(6)R Lorentz symmetry as if a hydrogen atom preserves SO(3) symmetry. It was conjectured in
[11] that the AdS5 × S5 geometry arises from the stack of NC Hermitian U(1) instantons at origin in
the internal space R6 like a nucleus containing a lot of nucleons. The NC Hermitian U(1) instanton
obeys the Hermitian Yang-Mills equations [46] given by
F̂ab = −1
4
εabcdef F̂cdIef , (4.30)
where I = I3⊗ iσ2 is a 6×6 matrix of the complex structure of R6 and the field strength is defined by
Eq. (2.7). Note that the 6-dimensional NC U(1) gauge fields Âa in Eq. (4.30) are originally adjoint
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scalar fields Φa = pa + Âa in 4-dimensional N = 4 super Yang-Mills theory. See Eq. (2.4). If true,
the vacuum geometry (4.29) will be emergent from the stack of infinitely many NC U(1) instantons
obeying Eq. (4.30) according to the identity (4.20).4 Since we are interested in the approximation of
slowly varying fields,
√
θ| D̂F̂
F̂
| ≪ 1, ignoring the derivatives of field strengths, the U(1) field strength
in Eq. (4.30) can be replaced by Eq. (4.8) in this limit and so we can use the SW maps (4.10) and
(4.11). Thus, if we include NC corrections containing higher-order derivatives of field strengths,
the LHS of Eq. (4.20) will receive derivative corrections introducing a higher-order gravity in the
emergent geometry [20].
In conclusion, the AdS/CFT correspondence is a particular example of emergent gravity from NC
U(1) gauge fields. And the duality between large N gauge fields and a higher-dimensional gravity
is simply a consequence of the novel equivalence principle stating that the electromagnetic force can
always be eliminated by a local coordinate transformation as far as spacetime admits a symplectic
structure, in other words, a microscopic spacetime becomes NC [11, 15].
5 HEA from NC U(1) gauge fields
Now we are ready to derive the HEA of four-dimensional N = 4 superconformal field theory on
the Coulomb branch. According to the conjecture [1], the HEA should be a U(1) gauge theory in the
AdS5×S5 geometry withN units of flux threading S5. However the original conjecture did not allude
any clue why the HEA on the Coulomb branch must be described by the U(1) gauge theory although
the probe-brane approximantion requires a large N limit. For the discussion of this problem, see, in
particular, section 5 in Ref. [1]. As we emphasized in footnote 2, our approach based on the NC field
theory representation of AdS/CFT correspondence will clarify why N = 1 is the relevant choice for
the HEA.
We argued before that the AdS5 × S5 geometry is emergent from the stack of infinitely many NC
Hermitian U(1) instantons near origin in R6. Thus suppose that the vacuum configuration for the
background geometry (4.29) is given by
〈Φa〉vac = pa + Âa, 〈Aµ〉vac = 0, 〈λi〉vac = 0, (5.1)
where Âa is a solution of Eq. (4.30) describing N NC Hermitian U(1) instantons in 6 dimensions.
We introduce fluctuations around the vacuum (5.1) and represent them as
D̂µ = ∂µ − iâµ(x, y), (5.2)
D̂a = −i
(
pa + Âa(y) + âa(x, y)
) ≡ ∇̂a(y)− iâa(x, y), (5.3)
4Given the metric (4.27) ofAdS5×S5 geometry on the LHS of Eq. (4.20), we may simply assume that we have solved
Eq. (4.20) to find some configuration of U(1) gauge fields which gives rise to theAdS5×S5 geometry. In appendix A, we
will solve Eq. (4.20) to illustrate how 2n-dimensional Calabi-Yau manifolds arise from 2n-dimensional symplectic U(1)
gauge fields. But it should be remarked that the underlying argument can proceed with impunity whatever our conjecture
is true or not.
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whose field strengths are given by
F̂µν = ∂µâν − ∂ν âµ − i[âµ, âν ]⋆ ≡ f̂µν , (5.4)
F̂µa = D̂µâa − ∇̂aâµ ≡ f̂µa, (5.5)
F̂ab = −Bab + F̂ab + ∇̂aâb − ∇̂bâa − i[âa, âb]⋆,
≡ −Bab + F̂ab + f̂ab (5.6)
where F̂ab(y)− Bab = i[∇̂a, ∇̂b]⋆(y). We will include fermions later. Note that we assumed that the
instanton connection ∇̂a(y) depends only on NC coordinates in extra dimensions. Hence the solution
has a translational invariance along R3,1 which means that the solution describes extended objects
along R3,1. They were conjecturally identified with N D3-branes in [11]. Since the SW relation
between commutative and NC gauge theories is true for general gauge fields, we can apply to the
gauge fields in Eqs. (5.2) and (5.3) the SW maps
F̂MN(Y ) =
(
1
1 + FΘ
F
)
MN
(X), (5.7)
d10Y = d10X
√
det(1 + FΘ), (5.8)
where F ≡ B+F + f is the total U(1) field strength including the background instanton part Fab and
the fluctuation part fMN = ∂MaN − ∂NaM . The result will be given by the following equivalence
1
gs
∫
d10X
√
−det(g + κF) = 1
Gs
∫
d10Y
√
−det(G+ κ(F̂ + Φ)). (5.9)
But we can also apply the Darboux transformation (4.4) to the field strength F such that the Darboux
coordinates ZM eliminate only the instanton gauge fields Fab. Then we will get the following identity
gMN + κFMN =
(GPQ + κ(B + f˜)PQ) ∂ZP
∂XM
∂ZQ
∂XN
(5.10)
where
GMN = gPQ ∂X
P
∂ZM
∂XQ
∂ZN
, f˜MN = fPQ
∂XP
∂ZM
∂XQ
∂ZN
=
∂a˜N
∂ZM
− ∂a˜M
∂ZN
(5.11)
with a˜M = ∂X
P
∂ZM
aP . This leads to an enticing result
1
gs
∫
d10X
√
−det(g + κF) = 1
gs
∫
d10Z
√
−det(G + κ(B + f˜)) (5.12)
=
1
Gs
∫
d10Y
√
−det(G+ κ(F̂ + Φ)). (5.13)
We can check the consistency of the above identities by showing that Eq. (5.13) can be de-
rived from the RHS of Eq. (5.12). Consider a Darboux transformation φ1 : Y M 7→ ZM =
Y M +ΘMN âN (Y ) satisfying φ∗1(B + f˜) = B. Then it leads to the identity
GMN + κ(B + f˜)MN =
(
GPQ + κBPQ
) ∂Y P
∂ZM
∂Y Q
∂ZN
(5.14)
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where
GMN = GPQ ∂Z
P
∂Y M
∂ZQ
∂Y N
= gPQ
∂XP
∂Y M
∂XQ
∂Y N
. (5.15)
The previous Darboux transformation (5.10) satisfies φ∗2(B + F ) = B where φ2 : ZM 7→ XM =
ZM +ΘMN ÂN(Z) which, in Eq. (5.15), has been combined with φ1, i.e.,
φ2 ◦ φ1 : Y M 7→ XM = Y M +ΘMN(ÂN + âN)(Y ). (5.16)
Note that we can put Âµ = 0 by our assumption. Using the identity (5.14), we can derive the following
equivalence between DBI actions:
1
gs
∫
d10Z
√
−det(G + κ(B + f˜)) = 1
gs
∫
d10Y
√
−det(G+ κB). (5.17)
By applying the same method as Eq. (4.20) and using the coordinates (5.16), it is straightforward to
derive Eq. (5.13) from the RHS of Eq. (5.17).
The conformally flat metric (4.27) takes the form
ds2 = R2
(dx · dx+ dρ2
ρ2
+ dΩ25
)
(5.18)
where dx · dx = ηµνdxµdxν . This form of the metric can be transformed into the metric form used in
[1] by a simple inversion ρ = 1/v:
ds2 = R2
(
v2dx · dx+ v−2dv2 + dΩ25
)
= R2
(
v2dx · dx+ v−2dv · dv
)
(5.19)
where dv · dv = dvadva. Note that the four-dimensional supersymmetric gauge theory is defined on
the boundary of AdS5 space where v → ∞ in the metric (5.19) and so the five-sphere S5 shrinks to
a point near the conformal boundary of the AdS space. Then the SO(6) isometry of S5 is realized as
a global symmetry in the gauge theory and the (angular) momenta dual to five-sphere coordinates are
given by generators of the SO(6) R-symmetry. Since we are interested in the HEA of the boundary
theory where the S5 shrinks to a point, we can thus consider a low energy limit by ignoring any
y-dependence for fluctuations, but leaving the background intact. Then the fluctuating U(1) field
strengths on the LHS of Eq. (5.17) reduce to
f˜µν(x, y)→ ∂µa˜ν(x)− ∂ν a˜µ(x) ≡ fµν(x),
f˜µa(x, y)→ ∂µa˜a(x) ≡ ∂µϕa(x),
f˜ab(x, y)→ 0.
(5.20)
Since we assumed that the low energy theory does not depend on the coordinates ya of extra dimen-
sions, we will try to reduce the 10-dimensional theory to a 4-dimensional effective field theory. For
this purpose, first let us consider the block matrix
GMN + κ
(
B + f˜
)
MN
=
(
λ2ηµν + κfµν κ∂µϕa
−κ∂µϕa λ2δab + κBab
)
, (5.21)
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where we put Bµν = 0 according to the reasoning explained in section 4. Even we may take the
approximation λ2δab + κBab ≈ λ2δab because λ2 = R2v2 → ∞ and the low energy limit applied
to Eq. (5.20) is basically equivalent to θab → 0 and so the metric part is dominant similarly to the
reasoning below Eq. (4.23). Considering the fact that NC corrections in NC gauge theory correspond
to 1/N expansions in large N gauge theory [20], the approximation considered can be interpreted as
the planar limit in AdS/CFT correspondence. Using the determinant formula for a block matrix
det
(
A B
C D
)
= detD det(A− BD−1C), (5.22)
we get the following relation√
−det(G + κ(B + f˜)) = √det(λ2 + κB)√−det(λ2ηµν + κfµν + κ2∂µϕa( 1
λ2 + κB
)ab
∂νϕb
)
≈ λ6
√
−det
(
λ2ηµν + κ2λ−2∂µϕ · ∂νϕ+ κfµν
)
. (5.23)
Suppose that a D3-brane is embedded in 10-dimensional target spacetime M with local coordi-
natesXM = (xµ, φa) whose metric is given by GMN (X). To be specific, we considerM = AdS5×S5
and choose a static gauge for the embedding functions, i.e., XM(σ) =
(
xµ(σ), φa(σ)
)
=
(
δµασ
α, va+
κ
R2
ϕa(x)
)
where va ≡ 〈φa〉vac are vevs of worldvolume scalar fields. The fact that the worldvol-
ume scalar fields φa are originated from NC U(1) gauge fields in Eq. (5.3) implies that the vevs
va = 〈φa〉vac can be identified with the Coulomb branch parameters pa in Eq. (2.2). Then we see that
the symmetric part in Eq. (5.23) is precisely the induced worldvolume metric (3.1), i.e.,
hµν = GMN∂µXM∂νXN = R2
(
v2ηµν + v
−2∂µφ · ∂νφ
) (5.24)
where λ2 = R2v · v = R2/ρ2. Therefore, in the approximation considered above, we get the identity√
−det10
(G + κ(B + f˜)) = λ6√−det4(h+ κf) (5.25)
where the subscript in the determinant indicates the size of matrix. Using the identity (5.25), we can
reduce the 10-dimensional DBI action in AdS5 × S5 geometry to a 4-dimensional DBI action given
by
− TD9
∫
d10Z
√
−det10
(G + κ(B + f˜)) = (gsN
4π
) 3
2
L(ǫ, R)
[
−TD3
∫
W
d4x
√
−det4(h+ κf)
]
(5.26)
where
(
gsN
4π
) 3
2
= TD9R
6
TD3
∫
S5
vol(S5) and
L(ǫ, R) ≡
∫ R
ǫ
dv
v
= ln
R
ǫ
(5.27)
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is a regularized integral along the AdS radius. We identify the DBI action in the bracket in Eq.
(5.26) with the worldvolume action of a probe D3-brane in AdS5 × S5 geometry. John H. Schwarz
speculated in [1] that the probe D3-brane action can be interpreted as the HEA of 4-dimensional
N = 4 superconformal field theory on the Coulomb branch. We want to emphasize we directly
derived the HEA from the 4-dimensionalN = 4 superconformal field theory on the Coulomb branch
although we have not incorporated fermions yet. One caveat is that our HEA is slightly different from
Eq. (12) in Ref. [1] where our v2 was replaced by φ2. But one needs to recall that v2 is coming from
the background geometry and the probe brane approximation involves neglecting the backreaction
of the brane on the geometry and other background fields (which requires that N is large). In this
description, the AdS5×S5 geometry is regarded as a background and so it remains to be fixed against
the fluctuations of worldvolume fields. Thus the φ2 in the denominator in Eq. (12) of Ref. [1] can be
replaced by v2 in the probe brane approximation.
A demanding task is to understand how to derive the coupling (3.6) of background RR gauge fields
from the 4-dimensional N = 4 superconformal field theory. Actually this issue is closely related
to our previous conjecture for a possible realization of D3-branes in terms of NC Hermitian U(1)
instantons. Hence we will only draw a plausible picture based on this conjecture. If the conjecture is
true, N D3-branes correspond to a stack of N NC Hermitian U(1) instantons at origin of R6. Then,
this instanton configuration generates a topological invariant given by (up to normalization)
I ∼
∫
R6
F̂ ∧ F̂ ∧ Ω =
∫
S5
(
Â ∧ F̂ − 1
3
Â ∧ Â ∧ Â
)
∧ Ω (5.28)
where Ω is a Ka¨hler form on R6. The topological invariant I refers to the instanton number N and
so we identify I = 2πN . Since the “instanton flux” is threading S5 = ∂R6 and the instanton flux
emanating from the origin is regarded as a background field, we make a simple identification for the
five-form in Eq. (5.28):
µ3F5 :=
1
g2YM
(
Â ∧ F̂ − 1
3
Â ∧ Â ∧ Â
)
∧ Ω
= µ3k3vol(S
5) (5.29)
where µ3 is the basic unit of D3-brane charge and k3 is a coefficient depending on the normalization
convention. In the AdS/CFT correspondence, F5 is the self-dual RR five-form of N D3-branes given
by
F5 = k3
(
vol(AdS5) + vol(S
5)
)
= dC4. (5.30)
Although we do not pin down the origin of the self-duality, the self-duality is necessary for the conjec-
ture to be true because it implies that the topological charge of NC U(1) instantons can be interpreted
as the RR-charge of D3-branes, i.e.,
µ3
∫
S5
F5 = µ3
∫
AdS5
dC4 = µ3
∫
W
C4 (5.31)
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where W = ∂(AdS5). Besides the background instanton gauge fields, there exist worldvolume U(1)
gauge fields and they can induce a well-known topological instanton coupling given by
χ
8π
∫
W
f ∧ f. (5.32)
Combining these two couplings leads to a moderate (if any) suggestion for the Wess-Zumino coupling
in Eq. (3.6) given by [1]
S2 = µ3
∫
W
C4 +
χ
8π
∫
W
f ∧ f. (5.33)
Now we will include the Majorana-Weyl fermion Ψ̂(Y ) in the HEA. This means that we are
considering a supersymmetric D9-brane which respects the local κ-symmetry [28, 29, 30, 31, 32, 33].
Thus we use the κ-symmetry to eliminate half of (ψ1, ψ2) coordinates where ψ1,2 are two Majorana-
Weyl spinors of the same chirality. We adopt the gauge choice, ψ1 = 0, used in Ref. [28, 29] and
rename ψ2 := ψ. It was shown in [28, 29] that in this gauge the supersymmetric extension of 10-
dimensional DBI action has a surprisingly simple form. The supersymmetric case also respects the
identity (5.12) with the following replacement
FMN → FMN + iψΓM∂Nψ − κ
4
ψΓP∂MψψΓP∂Nψ ≡ FMN +ΥMN , (5.34)
f˜MN → f˜MN + iψΓ˜M ∂˜Nψ − κ
4
ψΓ˜P ∂˜MψψΓ˜P ∂˜Nψ ≡ f˜MN + ξMN , (5.35)
where Γ˜M = ΓP ∂X
P
∂ZM
and ∂˜M = ∂∂ZM . Again we can apply the Darboux transformation φ1 : Y
M 7→
ZM = ΘMN
(
BNPY
P + âN(Y )
)
satisfying φ∗1(B + f˜) = B. Then it leads to the following identity
GMN + κ(B + f˜ + ξ)MN =
(
GPQ + κ(B + ξ˜)PQ
) ∂Y P
∂ZM
∂Y Q
∂ZN
(5.36)
where
ξ˜MN = ξPQ
∂ZP
∂Y M
∂ZQ
∂Y N
= ΥPQ
∂XP
∂Y M
∂XQ
∂Y N
. (5.37)
The above identity (5.36) leads to the following equivalence between DBI actions:
1
gs
∫
d10Z
√
−det(G + κ(B + f˜ + ξ)) = 1
gs
∫
d10Y
√
−det(G + κ(B + ξ˜)). (5.38)
Let us expand the RHS of Eq. (5.38) around the background B-field as the bosonic case (4.16):√
−det(G + κ(B + ξ˜)) =√−det(κB)√det(1 + M
κ
)
(5.39)
where
MN
Q =
(
G+ κξ˜
)
NP
ΘPQ =
(
g + κΥ
)
RS
∂XR
∂Y N
∂XS
∂Y P
ΘPQ. (5.40)
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Note that TrM 6= 0 unlike the bosonic case. Using the formula, det(1+A) = exp∑∞k=1 (−)k+1k TrAk,
it is not difficult to show that
det
(
1 +
M
κ
)
= det
(
1 +
1
κ
(
g + κΥ
)
P
)
(5.41)
where (
ΥP
) N
M
= −i(δPM + iκ4 ψΓP∂Mψ)ψΓP{XN , ψ}Θ. (5.42)
In terms of the matrix notation, the matrix on the RHS of Eq. (5.41) can be read as
1 +
1
κ
(
g + κΥ
)
P = B
(
1 + κG−1(F̂ − B) + ΘΥPB)Θ
= BG−1
(
G+ κ(F̂ − B) +GΘΥPB)Θ (5.43)
where the NC field strengths F̂MN including an instanton background are given by Eqs. (5.4)-(5.6).
Using the result (5.42), one can calculate the fermionic term, GΘΥPB = −κ2Bg−1ΥPB, which
takes the form
− iκ2(Bg−1) PM
(
δQP +
iκ
4
ψΓQ∂Pψ
)
ψΓQDNψ ≡ −κ2(Bg−1) PM Υ̂PN
≈ −iκψΓMDNψ +O(κ2) (5.44)
where ΓM ≡ κBMNgNPΓP obey the Dirac algebra {ΓM ,ΓN} = 2GMN and
DNψ = ∂ψ/∂Y
N + {ÂN + âN , ψ}Θ. (5.45)
In the end, we get the supersymmetric version of Eqs. (5.12) and (5.13):
1
gs
∫
d10X
√
−det(g + κ(F+Υ)) = 1
gs
∫
d10Z
√
−det(G + κ(B + f˜ + ξ)) (5.46)
=
1
Gs
∫
d10Y
√
−det(G+ κ(F̂ + Φ)− κ2Bg−1Υ̂). (5.47)
Let us redefine the fermion field, Ψ ≡ (κT9) 12ψ, and use the approximation (5.44) to take the
expansion like Eq. (3.15). With this normalization, we correctly reproduce the action (2.8) at leading
orders. As before, we consider the limit ΘMN → (ζµν = 0, θab 6= 0). Then it is easy to see that, at
nontrivial leading orders, Eq. (5.47) reproduces the 10-dimensionalN = 1 supersymmetric NC U(1)
gauge theory (2.8) in the instanton background (5.1). As we demonstrated in section 2, the action (2.8)
is equivalent to the 4-dimensional N = 4 superconformal field theory on the Coulomb branch. And
we argued in this section that fluctuations in AdS5 × S5 background geometry are described by the
10-dimensional N = 1 supersymmetric NC U(1) gauge theory in the background of NC Hermitian
U(1) instantons obeying Eq. (4.30). According to our construction, we thus declare that the RHS
of Eq. (5.46) has to describe the fluctuations in AdS5 × S5 geometry. Therefore we expect that the
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supersymmetric HEA for the N = 4 superconformal field theory on the Coulomb branch would be
derived from a dimensional reduction of the RHS of Eq. (5.46) similar to Eq. (5.26).
Before proceeding further, let us first address some subtle issues regarding to the equivalence in
Eqs. (5.46) and (5.47). The first one is that an interpretation for the factor (δQP + iκ4 ψΓQ∂Pψ) in Υ̂PN
is not clear from the point of view of NC U(1) gauge theory. Note that ∂Pψ = ∂ψ/∂XP and the
Darboux transformations did not touch the factor. Hence this factor behaves like a background part
induced from the backreaction of fermions at higher orders. Therefore a plausible picture from the
viewpoint of NC U(1) gauge fields is to interpret this factor as vielbeins EAM =
(
δAM − iκ4 ψΓA∂Mψ
)
with an effective metric GMN = EAMEBNgAB and write
κ2(Bg−1) PM Υ̂PN = iκψTMDNψ (5.48)
where
TM ≡ κBMNgNPEAPΓA. (5.49)
Then the gamma matrices TM satisfy the Dirac algebra
{TM ,TN} = −2κ2(Bg−1Gg−1B)MN ≡ 2GMN . (5.50)
Of course, if we ignore the backreaction from the fermions, we recover the previous Dirac term (5.44)
in flat spacetime. Another issue is how to glue local Darboux charts now involved with fermions as
well as bosons. We argued before that the global metric (4.24) can be constructed via the globalization
in terms of the gluing of local Darboux charts described by Eqs. (4.25) and (4.26). Or the local frames
in the metric (5.11) are replaced by global vielbeins [11]:
∂XA
∂ZM
→ EAM . (5.51)
Then the gamma matrices in Eq. (5.35) will also be replaced by ΓM ≡ EAMΓA and ΓM ≡ EMA ΓA.5
Now it is also necessary to glue the fermions defined on local Darboux patches by local Lorentz
transformations
ψ(j) = S(ji)ψ
(i) (5.52)
acting on fermions on an intersection Ui ∩ Uj . As usual, we introduce a spin connection ωM =
1
2
ωMABΓ
AB to covariantize the local gluing (5.52). This means that the fermionic terms in Eq. (5.35)
are now given by
ξMN → iψEAMΓA∇Nψ −
κ
4
ψΓA∇MψψΓA∇Nψ, (5.53)
where the covariant derivative is defined by
∇Mψ = (∂M + ωM)ψ. (5.54)
5They should not be confused with the gamma matrices in Eq. (5.34) which are defined on the flat spacetime R9,1
while those in Eq. (5.35) are now defined on a curved spacetime.
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The spin connections ωM are determined by the metric (5.18).
Therefore the block matrix (5.21) for the supersymmetric case is replaced by
GMN + κ
(
B + f˜ + ξ
)
MN
≈
(
λ2ηµν + κ(fµν + ξµν) κ(∂µϕa + ξµa)
−κ(∂µϕa − ξaµ) λ2δab + κ(Bab + ξab)
)
. (5.55)
Since we are interested in the HEA of the four-dimensional supersymmetric gauge theory defined on
the boundary of AdS5 space, the dimensional reduction similar to Eq. (5.20) was adopted too for
fermionic excitations, i.e.,
ξµν = iψΓµ∇νψ, ξab = iψΓaωbψ,
ξµa = iψΓµωaψ, ξaµ = iψΓa∇µψ,
(5.56)
where ΓM = EAMΓA and we ignored the quartic term in Eq. (5.53). In order to get a four-dimensional
picture after the dimensional reduction (5.26), it is convenient to decompose the 16 components of
the Majorana-Weyl spinor ψ into the four Majorana-Weyl gauginos λi (i = 1, · · · , 4) as follows
ψ =
(
P+λ
i
P−λ˜i
)
with P± =
1
2
(I4 ± γ5) and λ˜i = −CλiT ,
ΓA = (γµˆ ⊗ I8, γ5 ⊗ γaˆ), Γ11 = γ5 ⊗ I8, (5.57)
where C is the four-dimensional charge conjugation operator and the hat is used to indicate tangent
space indices. We take the four- and six-dimensional Dirac matrices in the chiral representation
γµˆ =
(
0 iσµˆ
−iσµˆ 0
)
, σµˆ = (I2, ~σ) = (σ
µˆ)αβ˙ , σ
µˆ = (−I2, ~σ) = (σµˆ)α˙β, (5.58)
γaˆ =
(
0 Σaˆ
Σ
aˆ
0
)
, Σaˆ = (~η, i~η) = Σaˆ,ij, Σ
aˆ
= (Σaˆ)† = (−~η, i~η) = Σaˆij , (5.59)
where ~σ are Pauli matrices and the 4 × 4 matrices (~η,~η) are self-dual and anti-self-dual ’t Hooft
symbols. Then the fermion bilinear terms in Eq. (5.56) read as
ξµν = iv
−1
(
λiσµˆ∇νλi − λiσµˆ∇νλi
)
,
ξab = ∂cv
−1
(
λΣaˆΣbˆcˆλ− λΣaˆΣbˆcˆλ
)
,
ξµa = 2i∂bv
−1
(
λσµˆΣaˆbˆλ
)
,
ξaµ = v
−1
(
λΣaˆ∇µλ− λΣaˆ∇µλ
)
,
(5.60)
where
Σ
aˆbˆ ≡ 1
2
(
Σ
aˆ
Σbˆ − ΣbˆΣaˆ), Σaˆbˆ ≡ 1
2
(
ΣaˆΣ
bˆ − ΣbˆΣaˆ) (5.61)
and the spin connection for the background geometry (4.27) is given by
ωµ = −Γµˆaˆ∂a ln v, ωa = −Γaˆbˆ∂b ln v. (5.62)
25
Since we are considering the HEA of the four-dimensional supersymmetric gauge theory defined on
the boundary of the AdS5 space where v →∞ and so the S5 shrinks to a point, we can ignore ξab and
ξµa in Eq. (5.60) as well as the spin connections ωM → 0.
After applying the formula (5.22) to the matrix (5.55), it is straightforward to yield the supersym-
metric completion of the bosonic HEA obtained in Eq. (5.26) and it is given by√
−det(G + κ(B + f˜ + ξ))
=
√
det(λ2 + κB)
√
−det
(
λ2ηµν + κ(fµν + ξµν) + κ2∂µϕa
( 1
λ2 + κB
)ab
(∂νϕb − ξbν)
)
≈ λ6
√
−det
(
hµν + κ(fµν + ξµν − v−2∂µφaξaν)
)
. (5.63)
One may drop the last term since it is of O(v−3). As the bosonic case (5.26), the 10-dimensional
supersymmetric DBI action (5.46) in AdS5 × S5 geometry is thus reduced to a 4-dimensional super-
symmetric DBI action given by
−TD9
∫
d10Z
√
−det10
(G + κ(B + f˜ + ξ))
=
(gsN
4π
) 3
2
L(ǫ, R)
[
−TD3
∫
W
d4x
√
−det4
(
hµν + κ(fµν + ξµν − v−2∂µφaξaν)
)]
. (5.64)
If the quartic term in Eq. (5.53) is included, it contributes an extra term given by κ2v2
4
(ξλµξ
λ
ν+ξaµξ
a
ν)
inside the determinant. Since the metric (5.19) becomes flat when v = 1, the result in this case should
be equal to the action of a supersymmetric D3-brane. One can see that the action (5.64) is actually
the case. See the equation (88) in Ref. [29]. According to the identity (5.46), the LHS of Eq. (5.64)
is equal to the world-volume action of a BPS D9-brane of type IIB string theory after fixing the κ-
symmetry, which is invariant under the supersymmetry transformations given by Eqs. (90) and (91)
in Ref. [29]. Since Eq. (5.46) is a mathematical identity, the action on the LHS of Eq. (5.64) will
also be supersymmetric. Its supersymmetry transformations basically take the form replacing the
ordinary derivatives in Eqs. (90) and (91) in Ref. [29] by covariant derivatives on the AdS5 × S5
space. But an explicit check of supersymmetry is somewhat lengthy though straightforward. Its
detailed exposition from the perspective of HEA deserves to pursue a separate work, which will be
reported elsewhere. Note that, after the gauge fixing, ψ1 = 0, for the κ-symmetry, the Wess-Zumino
term for the supersymmetric case is the same as the bosonic one (5.33) [29]. The final result can
be interpreted as the worldvolume action of a supersymmetric probe D3-brane in the AdS5 × S5
background geometry. According to the conjecture in Ref. [1], it can be reinterpreted as the HEA
of four-dimensional N = 4 superconformal field theory on the Coulomb branch. We emphasize that
we directly derived the HEA from the four-dimensional N = 4 superconformal field theory on the
Coulomb branch defined by the NC space (2.3).
26
6 Discussion
We want to emphasize that NC spacetime should be regarded as a more fundamental concept from
which classical spacetime should be derived as quantum mechanics is a more fundamental theory
and the classical phenomena are emergent from quantum physics. Then the NC spacetime requires
us to take a radical departure from the 20th century physics. First of all, it introduces a new kind of
duality, known as the gauge/gravity duality, as formalized by the identity (4.20). But we have to recall
that quantum mechanics has already illustrated such kind of novel duality where the NC phase space
obeying the commutation relation [xi, pj] = i~δij is responsible for the so-called wave-particle duality.
Remarkably there exists a novel form of the equivalence principle stating that the electromagnetic
force can always be eliminated by a local coordinate transformation as far as spacetime admits a
symplectic structure. The novel equivalence principle is nothing but the famous mathematical theorem
known as the Darboux theorem or the Moser lemma in symplectic geometry [40, 41]. It proves the
equivalence principle for the gravitational force in the context of emergent gravity. Therefore we may
conclude [11, 15] that the NC nature of spacetime is the origin of the gauge/gravity duality and the
first principle for the duality is the equivalence principle for the electromagnetic force.
The AdS/CFT correspondence [2, 25, 26] is a well-tested gauge/gravity duality and a typical ex-
ample of emergent gravity and emergent space. But we do not understand yet why the duality should
work. We argued that the AdS/CFT correspondence is a particular example of emergent gravity
from NC U(1) gauge fields and the duality between large N gauge fields and a higher-dimensional
gravity is simply a consequence of the novel equivalence principle for the electromagnetic force. We
note [11, 15] that the emergent gravity from NC U(1) gauge fields is an inevitable conclusion as far as
spacetime admits a symplectic structure, in other words, a microscopic spacetime becomes NC. More-
over the emergent gravity is much more general than the AdS/CFT correspondence because it holds
for general background spacetimes as exemplified by the identity (5.17). Therefore we believe that
the emergent gravity from NC gauge fields provides a lucid avenue to understand the gauge/gravity
duality or large N duality.
For example, it is interesting to notice that the transformation (4.20) between NC U(1) gauge
fields and an emergent gravitational metric holds even locally. Thus one may imagine an (infinitesi-
mal) open patch U where the field strength FU of fluctuating U(1) gauge fields has a maximal rank
such that (U, FU) is a symplectic Darboux chart. Then one can apply the Darboux theorem on the
local patch to transform the local U(1) gauge fields into a corresponding local spacetime geometry
supported on U . But this local geometry is unfledged yet to be materialized into a classical spacetime
geometry. Hence this kind of immature geometry describes a bubbling geometry or spacetime foams
which intrinsically correspond to a quantum geometry. Even we may consider fluctuating U(1) gauge
fields on a local patch U whose field strengths FU do not support the maximal rank. The dimension
of emergent bubbling geometry will be determined by the rank of FU on U . This implies that the
dimension of quantum geometries is not fixed but fluctuates. This picture is in a sense a well-known
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folklore in quantum gravity.
Then one may raise a question why NC spacetime reproduces all the results in string theory. The
connection between string theory and symplectic geometry becomes most manifest by the Gromov’s
J-holomorphic curves. See section 7 in Ref. [11] for this discussion. The J-holomorphic curve for a
given symplectic structure is nothing but the minimal worldsheet in string theory embedded in a target
spacetime. Moreover α′-corrections in string theory correspond to derivative corrections in NC gauge
theory. In this sense the string theory can be regarded as a stringy realization of symplectic geometry
or more generally Poisson geometry. But the NC spacetime provides a more elegant framework for
the background indepedent formulation of quantum gravity in terms of matrix models [15, 27] which
is still elusive in string theory.
We showed that the worldvolume effective action of a supersymmetric probe D3-brane in AdS5×
S5 geometry can be directly derived from the four-dimensional N = 4 supersymmetric Yang-Mills
theory on the Coulomb branch defined by the NC space (1.7). Since our result, for example, de-
scribed by the identity (5.17) should be true for general U(1) gauge fields in an arbitrary background
geometry, the remaining problem is to identify a corresponding dual (super)gravity whose solution
coincides with the emergent metric GMN . One may use the method in Refs. [47, 48] to attack this
problem. See also [49]. It was shown there that the worldvolume effective action of a probe D3-brane
is a solution to the Hamilton-Jacobi equation of type IIB supergravity defined by the ADM formalism
adopting the radial coordinate as time for type IIB supergravity reduced on S5. In particular the radial
time corresponds to the vev of the Higgs field in the dual Yang-Mills theory as our case. It will be
interesting to find the relation between the DBI action obtained in Refs. [47, 48] and the HEA derived
in this paper. Also there are several works [6, 7, 8, 9, 10] to address the relation of the HEA with
the low-energy effective actions of N = 4 super Yang-Mills theory on the Coulomb branch. Thus it
may be a vital project to understand any relation between our approach based on the Coulomb branch
defined by the NC space and other approaches for the HEA cited above.
Recently there have been some developments [50, 51] that describe D-branes in the framework
of generalized geometry. A D-brane including fluctuations in a static gauge is identified with a leaf
of foliations generated by the Dirac structure of a generalized tangent bundle and the scalar fields
and vector fields on the D-brane are unified as a generalized connection [50]. It was also argued
in [51] that the equivalence between commutative and NC DBI actions is naturally encoded in the
generalized geometry of D-branes. In particular, when considering a D-brane as a symplectic leaf of
the Poisson structure, describing the noncommutativity, the SW map is naturally interpreted in terms
of the corresponding Dirac structure. Thus NC gauge theories can be naturally interpreted within the
generalized geometry. Since the Darboux transformation relating the deformation of a symplectic
structure with diffeomorphism symmetry is one of the pillars for emergent gravity, we think that the
emergent gravity from NC gauge fields can be formulated in a natural way within the framework of
generalized geometry. It will be interesting to inquire further into this idea.
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A Ka¨hler manifolds from U(1) gauge fields
In this appendix we will illustrate how to determine four- and six-dimensional Ka¨hler metrics from
U(1) gauge fields by solving the identities (4.14) and (4.15) between DBI actions. For this purpose,
let us introduce d = 2n-dimensional complex coordinates
zi = x2i−1 + ix2i, zi = x2i−1 − ix2i, i = 1, · · · , n (A.1)
and corresponding complex U(1) gauge fields
Ai =
1
2
(
A2i−1 − iA2i
)
, Ai¯ =
1
2
(
A2i−1 + iA2i
)
. (A.2)
Then the field strengths of (2, 0) and (1, 1) parts are, respectively, given by
Fij =
1
4
(
F2i−1,2j−1 − F2i,2j
)− i
4
(
F2i−1,2j + F2i,2j−1
)
, (A.3)
Fij =
1
4
(
F2i−1,2j−1 + F2i,2j
)
+
i
4
(
F2i−1,2j − F2i,2j−1
)
. (A.4)
If U(1) gauge fields in Eq. (A.2) are the connection of a holomorphic vector bundle, i.e., Fij = Fij =
0, Eq. (A.3) leads to the following relations
F2i−1,2j−1 = F2i,2j , F2i−1,2j = −F2i,2j−1, i, j = 1, · · · , n. (A.5)
The connections of a holomorphic line bundle can be obtained by solving the condition Fij = Fij = 0
and they are given by
Ai = −i∂φ(z, z)
∂zi
:= −i∂iφ(z, z), Ai¯ = i∂φ(z, z)
∂zi
= i∂ i¯φ(z, z) (A.6)
where φ(z, z) is a real smooth function on Cn. Then the (1, 1) field strength (A.4) is given by
Fij = 2i∂i∂ j¯φ(z, z). (A.7)
Similarly the condition for a Hermitian metric, i.e., Gij = Gij = 0, can be solved by
G2i−1,2j−1 = G2i,2j , G2i−1,2j = −G2i,2j−1. (A.8)
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If we further impose the Ka¨hler condition, dΩ = 0, for the Hermitian metric ds2 = Gijdzidzj where
Ω = iGijdzi ∧ dzj is a Ka¨hler form, the metric is solely determined by a Ka¨hler potential K(z, z) as
Gij = ∂i∂ j¯
(
2K(z, z)−K0
) (A.9)
where K0 = zkzk and our choice of Ka¨hler potential is just for a later convenience.
To deduce Ka¨hler metrics from U(1) gauge fields obeying Eqs. (4.14) and (4.15), let us take their
local form given by √
det
(
g + κF) = √det(G + κB) (A.10)
=
gs
Gs
√
det
(
G + κ(F̂ − B)). (A.11)
For our case at hand, gµν = Gµν = δµν , µ, ν = 1, · · · , d = 2n and Bµν = − 2κ1n ⊗ iσ2 in Eqs.
(A.10) and (A.11). We will choose the same complex structure as (A.1) for all DBI densities in Eqs.
(A.10) and (A.11). In terms of complex coordinates, their nonvanishing components are given by
gij = Gij = δij¯ and Bij = − iκδij¯ for i, j = 1, · · · , n. Thus they are Ka¨hler metrics and a Ka¨hler form
on Cn, i.e., gij = Gij = ∂i∂ j¯K0 and Bij = − iκ∂i∂ j¯K0 with K0 = zkzk, respectively. However, the
RHS of Eq. (A.10) needs some care since Gµν(x) is regarded as a nontrivial metric on a Riemannian
manifold. For this case, it is convenient to distinguish local coordinate indices (µ, ν, · · · ) from tangent
space indices (a, b, · · · ) by introducing vielbeins Eaµ, i.e., EaµEaν = Gµν . Let us split both coordinate
indices into holomorphic and antiholomorphic ones: µ = (α, α), ν = (β, β), a = (i, i), b = (j, j).
The Hermitian condition (A.8) can be solved by taking the vielbeins as
Eiα = E
i
α = 0, E
α
i = E
α
i
= 0. (A.12)
Then the nonvanishing components of B-field in Eq. (A.10) are given by Bii = Eαi Eβi Bαβ where
Bαβ = −iδαβ¯ .
Our primary concern is to find U(1) gauge fields which give rise to the Ka¨hler metric (A.9).
This means that the RHS of Eq. (A.10) is purely of (1, 1)-type. Therefore, in order to satisfy Eq.
(A.10), the U(1) gauge fields on the LHS must be connections of a holomorphic line bundle obeying
Fij = Fij = 0. Moreover F = Fijdzi ∧ dzj is a nondegenerate, closed (1, 1)-form and so a Ka¨hler
form, i.e.,6
F = i∂i∂ j¯
(
2φ(z, z)−K0
)
dzi ∧ dzj (A.13)
because B is a symplectic two-form and F in Eq. (A.7) satisfies the Bianchi identity, dF = 0.
By the same reasoning, we have to impose a similar condition F̂ij = F̂ij = 0 for symplectic U(1)
gauge fields in Eq. (A.11). This condition is equivalent to Eq. (A.5) replaced F by F̂ . Before
proceeding to particular dimensions we are interested in, let us first discuss general properties of the
6Note that Fij alone in Eq. (A.7) cannot be a Ka¨hler form because it becomes degenerate, e.g., at an asymptotic
infinity. This is a reason why the symplectic B-field is necessary to attain a Ka¨hler form.
30
above determinant equation. Suppose that S and A are d× d symmetric and antisymmetric matrices,
respectively. Then we have the relation
P (S,A) ≡ det(S + A) = det(S −A) = (−1)ddet(−S + A). (A.14)
This means that the polynomial P (S,A) has only even powers in A, or equivalently, only even (odd)
powers of S appear in P (S,A) for d = even (odd). When S is a Hermitian metric H on an n-
dimensional (i.e., d = 2n) complex manifold M , there is a remarkable property. As we noticed
above, the DBI densities in Eqs. (A.10) and (A.11) are involved only with (1, 1)-type quantities when
we restrict ourselves to the Ka¨hler metric (A.9). The polynomial P (G, A) can then be written as the
form
det(Gµν + Aµν) = |det(Gαβ + Aαβ)|2 (A.15)
where Gαβ + Aαβ is an n× n complex matrix.
The proof goes as follows. Take the LHS of Eq. (A.15) as the form, det(G+A) = detG det(1+
M) where Mµν = GµλAλν . Due to the Hermiticity property of G and A, we have the following split:
Mµν =
{
mαβ ≡ GαγAγβ, µ = α,
mαβ ≡ GαγAγβ, µ = α,
(A.16)
where m and m are now regarded as n× n matrices. A critical step is to use the determinant formula,
det(1 +M) = exp
∑∞
k=1
(−)k+1
k
TrMk. Then the split (A.16) induces the same split for the trace:
Tr2nM
k = Trnm
k + Trnm
k (A.17)
where the subscript in the trace denotes the size of matrix. Therefore we get the result
det(1 +M) = det(1 +m)det(1 +m). (A.18)
Similarly the formula, detG = expTr lnG, leads to the result, detGµν = detGαβ detGαβ. Combin-
ing all together, we finally get the formula (A.15).
There is another interesting representation of the determinant (A.14) which was used to formulate
the kappa-symmetry of supersymmetric D-branes [28, 29, 30, 31, 32, 33]. The polynomial P (G, A)
can be written as the form
det(G+ A) = ρG(A)
†ρG(A) (A.19)
where
ρG(A) =
[ d
2
]∑
l=0
1
2ll!(d− 2l)!Aµ1µ2 · · ·Aµ2l−1µ2lγµ2l+1···µdε
µ1···µd . (A.20)
Here γ-matrices on M are defined as usual as γµ = Eaµγa and the γ-matrices γa obey the Dirac
algebra {γa, γb} = 2δab on flat space. For the proof of Eq. (A.19), see, in particular, Appendix A in
Ref. [29] and Appendix B in Ref. [30]. See also [52] (eq. (2.18)). It is convenient to introduce the
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skew-exponential function [33] (the usual exponential function with completely skew-symmetrized
indices of gamma matrices at every order in the expansion)
se−A =
[ d
2
]∑
l=0
(−1)l
2ll!
γµ1···µ2lAµ1µ2 · · ·Aµ2l−1µ2l (A.21)
to rewrite ρG(A) as
ρG(A) = se
−AΓG (A.22)
where A ≡ 1
2
γµνAµν and
ΓG = ε
µ1···µdγµ1···µd = (−i)
d(d−1)
2
√
detGγd+1. (A.23)
Using the formula (A.22), we get the skew-exponentials for each DBI density:
ρg(F) = (−i)
d(d−1)
2 se−γ
ijFijγd+1, (A.24)
ρG(B) = (−i)
d(d−1)
2
√
detG se−γααBααγd+1, (A.25)
ρG(F̂) = (−i)
d(d−1)
2 se−γ
ijF̂ijγd+1, (A.26)
where F̂ ≡ F̂ − B and γ2d+1 = 1. We set κ = 1 for convenience.
Note that, using the results (A.9) and (A.13), we get the expression
gij + Fij = i∂i∂ j¯
(
2φ−K0 − iK0
)
, (A.27)
Gij +Bij = ∂i∂ j¯
(
2K −K0 − iK0
) (A.28)
where we did not discriminate curved and flat space indices because it is no more necessary. Now,
using the relation (A.15), we can phrase the equivalence (A.10) in terms of Ka¨hler potentials (up to
holomorphic gauge transformations):
φ(z, z) = K(z, z). (A.29)
The real function φ(z, z) and so the Ka¨hler potential K(z, z) will be determined by solving the equa-
tions of motion of either commutative or NC U(1) gauge fields. We remark that the relation (A.29)
is completely consistent with that in Ref. [53] (see Eqs. (30) and (31)) for the equivalence between
hyper-Ka¨hler manifolds and symplectic U(1) instantons. (See also [54].) Therefore the relation
(A.29) generalizes the one in [53, 54] to general 2n-dimensional Ka¨hler manifolds. Recall that the
Ricci tensor and the Ricci-form for a 2n-dimensional Ka¨hler manifold are given by
Rij = −
∂2 ln detGkl
∂zi∂zj
, ρ = −i∂∂ ln detGij, (A.30)
respectively. In particular, the Ricci tensor (A.30) vanishes if detGij is constant and so the Ka¨hler
manifold reduces to a 2n-dimensional Calabi-Yau manifold. Hence we can translate the statement
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for Ka¨hler manifolds into that for U(1) gauge theory and vice versa using the relation (A.29). For
example, one may wonder what is the gauge theory object that gives rise to the 2n-dimensional Calabi-
Yau manifold. It was verified in [53, 54] for the four-dimensional case that it is the commutative limit
of NC U(1) instantons [55]. Later it was conjectured in [11] that Calabi-Yau 3-folds arise from a
semiclassical limit of NC Hermitian U(1) instantons in six dimensions.
Now we will show that the conjecture in [11] is true. First we will illustrate our method with the
four-dimensional case since this case was well established in [53, 54]. Then we will generalize our
approach to the six-dimensional case. Consider four-dimensional symplectic U(1) instantons as the
commutative limit of NC U(1) instantons [55] obeying the self-duality equations
F̂µν = ±1
2
εµν
ρσF̂ρσ (A.31)
or in a compact notation
P∓F̂ = 0 (A.32)
where P± = 12(1 ± γ5) and F̂ = 12γµνF̂µν . In terms of complex coordinates (A.1), the self-duality
equations (A.31) can be stated as7
F̂ij = F̂ij = 0, (A.33)
F̂ii = 0. (A.34)
In order to see what kind of condition the instanton equations (A.33) and (A.34) impose on the Ka¨hler
metric Gij , let us apply the SW map (4.10) to them. An important part is to note that θij = −iδij¯ or
θ2i−1,2j = 1
2
δij due to the relation Bµλθλν = δνµ. Then it is easy to see that Eq. (A.33) can be solved
by Fij = Fij = 0 for which Nµν ≡ δνµ + Fµλθλν is split into holomorphic and anti-holomorphic parts
like as Eq. (A.16). In particular, Nij = δji + Fikθkj = δij + iFij = −∂i∂ j¯(2φ −K0) = −Gij¯ where
Eqs. (A.7) and (A.29) were used. Then we can easily solve Eq. (A.34):
F̂ii = (N
−1)i
k
Fki = −i(N−1)ik
(
Nk
i − δik
)
= −i(2 − TrN−1) = 0. (A.35)
Using the relation TrN−1 = TrN/detN , we get TrN = 2detN . Motivated by this relation, we
define a new matrix G as N = 1
2
(1 + G) so that detGij = 1. In consequence the Ka¨hler metric Gij
is Ricci-flat because of the formula (A.30). In other words, the four-manifold described by the metric
Gij is a hyper-Ka¨hler manifold or a Calabi-Yau two-fold. In the end we have checked the equivalence
between symplectic U(1) instantons and Calabi-Yau 2-folds in [53, 54].8
7The complex structure in Eq. (A.33) is correlated with the self-dual structure in Eq. (A.31). In this appendix we
will fix the complex structure with the coordinates (A.1). Instead we will flip the orientation for the definition of the
self-duality equations (A.31), e.g., ε12···(2n)(2n−1) = 1 for the self-dual case and ε12···(2n−1)2n = 1 for the anti-self-dual
case.
8Note that we are solving the determinant equations (A.10) and (A.11) and so Gij¯ = −Nij leads to the relation
Gµν = 12 (δµν +Gµν) according to the formula (A.15), which was used in [53, 54] to identify a gravitational metric Gµν
from the emergent metric Gµν determined by U(1) gauge fields.
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Now we consider the six-dimensional case. The analysis is almost the same as the four-dimensional
case. We consider six-dimensional symplectic U(1) instantons satisying the Hermitian Yang-Mills
equations [46]
F̂µν = −1
4
εµν
ρσαβF̂ρσIαβ (A.36)
where I = 13 ⊗ iσ2 is a complex structure of R6. They can be written with the complex coordinates
(A.1) and the result takes the same form as Eqs. (A.33) and (A.34). The same argument shows that
Eq. (A.33) can be solved by Fij = Fij = 0 and Eq. (A.34) leads to the result F̂ii = (N−1)ikFki =
−i(3 − TrN−1) = 0, i.e., TrN−1 = 3. The trace of 3× 3 complex matrix N−1 is given by
detNTrN−1 = N11N22 +N22N33 +N33N11 −
(
N12N21 +N23N32 +N31N13
)
. (A.37)
By a similar reasoning to the four-dimensional case, we introduce a new metric G defined by N =
1
3
(1 +G). A straightforward calculation shows that TrN−1 = 3 can be written as the form
detG = 2 + TrG. (A.38)
Note that ϕ ≡ iGijdzi ∧ dzj is a closed two-form of type (1,1) and so we may assume, up to an
addition of an exact two-form, that ϕ is harmonic. And the trace TrG is equal to the contraction of ϕ
with the Ka¨hler form ω ≡ 1
2
Iµνdx
µ ∧ dxν , i.e., TrG = (ϕ, ω). Since ϕ is a harmonic (1,1)-form, its
trace TrG is then constant [56] (see 2.33). In consequence, the six-manifold described by the metric
Gij is a Ricci-flat and Ka¨hler manifold, i.e., a Calabi-Yau 3-fold. Therefore we confirm the conjecture
in [11] for the equivalence between Hermitian U(1) instantons and Calabi-Yau 3-folds.
In order to check our conjecture for the AdS5×S5 geometry, it is necessary to sum up the stack of
Hermitian U(1) instantons obeying (A.36). This may be a challenging problem and we do not know
yet how to sum up the lump of infinitely many Hermitian U(1) instantons near the origin of R6. We
leave this problem and an explicit construction of emergent Ka¨hler metrics for future works.
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